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Abstract 

We construct all finite irreducible modules over Lie conformal super- 
algebras of type W and S. 



1 Introduction 

Lie conformal superalgebras encode the singular part of the operator product 
expansion of chiral fields in two-dimensional quantum field theory [7]. On the 
other hand, they are closely connected to the notion of formal distribution Lie 
superalgebra (g, J 7 ), that is a Lie superalgebra g spanned by the coefficients of 
a family T of mutually local formal distributions. Namely, to a Lie conformal 
superalgebra R one can associate a formal distribution Lie superalgebra (Lie 
R, R) which establishes an equivalence between the category of Lie conformal 
superalgebras and the category of equivalence classes of formal distribution Lie 
superalgebras obtained as quotients of Lie R by irregular ideals [7] . 

Finite simple Lie conformal algebras were classified in [3] and all their fi- 
nite irreducible representations were constructed in [3]. According to [5], any 
finite simple Lie conformal algebra is isomorphic either to the current Lie con- 
formal algebra Curg, where g is a simple finite-dimensional Lie algebra, or to 
the Virasoro conformal algebra. 

However, the list of finite simple Lie conformal superalgebras is much richer, 
mainly due to existence of several series of super extensions of the Virasoro 
conformal algebra. The complete classification of finite simple Lie conformal 
superalgebras was obtained in [6]. The list consists of current Lie conformal 
superalgebras Curg, where g is a simple finite-dimensional Lie superalgebra, 
four series of "Virasoro like" Lie conformal superalgebras W n (n > 0), S n ,b an d 
S n (n > 2, b 6 C), K n (n > 0), and the exceptional Lie conformal superalgebra 
CK 6 . 

All finite irreducible representations of the simple Lie conformal superal- 
gebras Curg, K — Vir and K\ were constructed in [3], and those of S2 o> 
W t = K 2 , K 3 , K A in 0]. 
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The main result of the present paper is the construction of all finite irre- 
ducible modules over the Lie conformal superalgebras W n , S n ,b and S n . The 
proof relies on the method developed in [3J, that is, the observation that rep- 
resentation theory of Lie conformal superalgebras is controlled by the represen- 
tation theory of the (extended) annihilation superalgebra, and a lemma from 
[2]. In our cases, this reduces to the study of certain representations of the Lie 
superalgebra W(l,n)+ of all vector fields on a superfine (an affine superspace 
of dimension (l|n)) and the Lie superalgebra 5(1, n)+ of such vector fields with 
zero divergence. As in [5], [5], we follow the approach developed for representa- 
tions of infinite-dimensional simple linearly compact Lie algebras by A. Rudakov 
in [TU] . The problem reduces to the description of the so called degenerate mod- 
ules, and for the later we have to study singular vectors. 

The paper is organized as follows. In Section [2] we recall the notions and 
some basic facts on of formal distributions, Lie conformal superalgebras and 
their modules. In Section |3J we recall some simple facts of the representa- 
tion theory of infinite-dimensional simple linearly compact Lie superalgebras. 
In Section 01 we describe the conformal Lie superalgebra W n and we classify 
its finite irreducible conformal modules by studying the corresponding singular 
vectors. In Section [5j we obtain similar results for the Lie conformal superal- 
gebra S n = 5,1,0- Finally, in Section [5J we complete the cases S n fi and S n . In 
all cases (as in [TU]) the answer has a geometric meaning: all finite irreducible 
modules are either "non-degenerate" tensor modules, or occur as cokernels of 
the differential in the conformal de Rham complex, or are duals of the latter. 

Note that similar results for arbitrary non-super Lie pseudoalgebras of types 
W and 5 have been obtained in [TTj . 

The remaining cases of the Lie conformal superalgebras K n and CKe will 
be worked out in the subsequent publication. 

2 Formal distributions, Lie conformal superal- 
gebras and their modules 

First we introduce the basic definitions and notations, see [5]. Let g be a Lie 
superalgebra. A g-valued formal distribution in one indeterminate z is a series 
in the indeterminate z 

a(z) = ^2 a n z~ n ~ x , a n E q. 

The vector superspace of all formal distributions, g[[z, z -1 ]] , has a natural struc- 
ture of a C[<9s]-module. We define 

Res 2 a(z) = ao. 

Let a(z),b(z) be two g-valued formal distributions. They are called local if 
(z-w) N [a(z),b(w)} = for N » 0. 
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Let g be a Lie superalgebra, a family T of g-valued formal distributions is 
called a local family if all pairs of formal distributions from J- are local. Then, 
the pair (g, J 7 ) is called a formal distribution Lie superalgebra if J 7 is a local 
family of g- valued formal distributions and g is spanned by the coefficients of 
all formal distributions in J 7 . We define the formal S-function by 

Then it is easy to show ([7], Corollary 2.2)), that two local formal distributions 
are local if and only if the bracket can be represented as a finite sum of the form 

[a(z),b(w)] =^2[a(z) u) b(w)] d J w 5(z - w)/ j\, 

3 

where [a{z)^b(w)] = Res z (z — w) 3 [a(z), b(w)]. This is called the operator prod- 
uct expansion. Then we obtain a family of operations t n \ , n £ Z + , on the space 
of formal distributions. By taking the generating series of these operations, we 
define the A-bracket: 

The properties of the A-bracket motivate the following definition: 

Definition 2.1. A Lie conformal superalgebra R is a left Z/2Z-graded C[d]- 
module endowed with a C-linear map, 

R®R — >C[\]®R, a®b^a x b 

called the A-bracket, and satisfying the following axioms (a, b, c € R), 

Conformal sesquilinearity [da\b] = — X[a\b], [a\db] = (\ + d)[a\b], 
Skew-symmetry [a x b] = -(-l)P( a M b '> [6_ A _ a ], 

Jacobi identity [<*aM] = [M\+n c \ + (-l) p(a)p(b) [^Kc]]. 

Here and further p(a) G Z/2Z is the parity of a. 

A Lie conformal superalgebra is called finite if it has finite rank as a C[d]- 
module. The notions of homomorphism, ideal and subalgebras of a Lie confor- 
mal superalgebra are defined in the usual way. A Lie conformal superalgebra R 
is simple if [R\R] ^ and contains no ideals except for zero and itself. 

Given a formal distribution Lie superalgebra (g, F) denote by T the minimal 
subspace of g[[z,z -1 ]] which contains T and is closed under all j-th products 
and invariant under d z . Due to Dong's lemma, we know that J 7 is a local family 
as well. Then Conf(g, J 7 ) := T is the Lie conformal superalgebra associated to 
the formal distribution Lie superalgebra (g, J 7 ). 
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In order to give the (more or less) reverse functorial construction, we need 
the notion of affinization R of a conformal algebra i? (which is a generalization 
of that for vertex algebras pQ). We let R — R[t,t~ l ] with d = d + dt and the 
A-bracket [TJ: 

[af(t) x bg(t)] = [a x+dt b]f(t)g(t%,=f (2.1) 

The 0-th product is: 

= E ( ? ) Mi m+n ^- (2.2) 

Observe that dR is an ideal of R with respect to the 0-th product. We let 
Algi? = R/dR with the 0-th product and let 

K = {^(ar)z-"- 1 = aS(t -z)\aeR}. 

nGZ 

Then (Algi?, TV) is a formal distribution Lie superalgebra. Note that Alg is a 
functor from the category of Lie conformal superalgebras to the category of 
formal distribution Lie superalgebras. On has [TJ: 

Conf(Algfl) = R, Alg(Conf(fl, T)) = (AlgF, F). 

Note also that (Algi?, TV) is the maximal formal distribution superalgebra asso- 
ciated to the conformal superalgebra i?, in the sense that all formal distribution 
Lie superalgebras {q,T) with Conf(g,J 7 ) = R are quotients of (Algi?, TV) by 
irregular ideals (that is, an ideal I in g with no non-zero b(z) € 1Z such that 
b n 6 I). Such formal distribution Lie superalgebras are called equivalent. 

We thus have an equivalence of categories of conformal Lie superalgebras 
and equivalence classes of formal distribution Lie superalgebras. So the study 
of formal distribution Lie superalgebras reduces to the study of conformal Lie 
superalgebras. 

An important tool for the study of Lie conformal superalgebras and their 
modules is the (extended) annihilation algebra. The annihilation algebra of a 
Lie conformal superalgebra R is the subalgebra A(R) (also denoted by (Algi?) + ) 
of the Lie superalgebra Algi? spanned by all elements at n , where a e R, n 6 Z + . 
It is clear from (|2.2[) that this is a subalgebra, which is invariant with respect 
to the derivation d = —dt of Algi?. The extended annihilation algebra is defined 
as 

A{Rf = (Algi?) + := Cd k (Algi?)+. 
Introducing the generating series 

«a = E (2 - 3) 
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we obtain from (I2.2j) : 

[ax, bp] = M] A+M , d(a x ) = (8a x ) = A(a A ). (2.4) 

Now let g be a Lie superalgebra, and let V be a g- module. Given a g- 
valued formal distribution a(z) and a 1^-valued formal distribution v(z) we may 
consider the formal distribution a(z)v(w) and the pair (a(z), v(z)) is called local 
if (z — w) N (a(z)v(w)) = for N >> 0. As before, we have an expansion of the 
form: 

a(z)v{w) = ^2 ( a ( z )(j) v ( w )) d l 5 ( z ~ ™)M 

3 

where a(w)u\v(w) — Res 2 (z — w) J a(z)v(w) and the sum is finite. By taking the 
generating series of these operations, we define the X-action of q on V: 

a(w)xv(w) = — - ( a(w)( n )v(w) J , (finite sum). 

n£Z + ' 

It has the following properties: 

d z a(z)\v{z) = -\a(z)\v(z), a(z) x d z v(z) = (d z + X)(a(z)\v(z)), 

and 

[a(z)x,b(z)^]v(z) = [a(z)xb(z)]x+^v(z). 
This motivate the following definition: 

Definition 2.2. A module M over a Lie conformal superalgebra R is a Z/2Z- 
graded C[9]-module endowed with a C-linear map R(g)M — > C[A] ® M, a<g) v H > 
oaw, satisfying the following axioms (a, 6 £ i?), t) € M, 

(M1)a (5a)f v = [<9 M , af }v = -Aaf u, 

(M2) A [af,6^]«=[a A 6]f + ^. 

An i?- module M is called finite if it is finitely generated over C[d]. An i?- 
module M is called irreducible if it contains no non-trivial submodule, where 
the notion of submodule is the usual one. 

As before, if T C is a local family and £ C V[[z, z^ 1 ]] is such 

that all pairs (a(z),v(zj), where a(z) £ T and v(z) £ £, are local, let £ be 
the minimal subspace of ^[[zjZ -1 ]] which contains E and all a{z)^v(z) for 
a(z) £ T and v(z) £ £, and is c^-invariant. Then it is easy to show that all 
pairs (a(z),v(z)), where a(z) £ T and v(z) £ £, are local and a(z)(j\(£) C £ 
for all a(z) £ T . 

Let J 7 be a local family that spans g and let £ C V^z, z -1 ]] be a family 
that span V. Then (V, £) is called a formal distribution module over the formal 
distribution Lie superalgebra (g, J-) if all pairs (a(z), v(z)), where a(z) £ J- and 
v(z) £ £, are local. It follows that a formal distribution module (V,£) over a 
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formal distribution Lie superalgebra (g, F) give rise to a module Conf (V, £) := £ 
over the conformal Lie superalgebra Conf (fl, F). 

In the same way as above, we have an equivalence of categories of modules 
over a Lie conformal superalgebra i? and equivalence classes or formal distribu- 
tion modules over the Lie superalgebra Algi?. Namely, given an R- module M, 
one defines its affinization M — M^.t" 1 ] as a i?-module with d = d + d t and 
the A-action similar to (|2.1[) : 

af(t)xvg(t) = (a x+dt v)f(t)g(t%, =t . (2.5) 

The 0-th action is: 

at (o) vtm = E ( 7 ) (^)t m+n ~ j - (2-6) 

Observe that dM is invariant with respect to the 0-th action and (dR)m\M = 

0, hence the 0-th action of R on M induces__a representation of the Lie super- 
algebra Algi? = R/dR on V(M) := M/dM. Let M = {v5(z - t)\v G M}. 
Then (V(M),Ai) is a formal distribution module over the formal distribution 
Lie superalgebra (Algi?, 1Z), which is maximal in the sense that all conformal 
(Algi?, 1Z) modules (V, £) such that £ ~ M as i?-modules are quotients of 
(V(M),Ai) by irregular submodules. Such formal distribution modules are 
called equivalent, and we get an equivalence of categories of R- modules and 
equivalence classes of formal distribution (Algi?, 7\L)-modules. 

Formula (|2.4|) implies the following important proposition relating modules 
over a Lie conformal superalgebra i? to continuous modules over the correspond- 
ing extended annihilation Lie superalgebra (Algi?) + . 

Proposition 2.3. J3jj A module over a Lie conformal superalgebra R is the 
same as a continuous module over the Lie superalgebra (Algi?) + . i.e. it is an 
[K\gR) + -module satisfying the property 

a\m G C[A] ® M for any a G R, m G M. (2.7) 

(One just views the action of the generating series a\ o/(Algi?) + as the X-action 
of a e R). 

Denote by V(M) + the span of elements {vt n \v G M, n G Z+} in V(M). It is 
clear from (|2.5|) that V{M) + is an (Algi?) + submodule, hence an i? -module by 
Proposition [231 We denote by V(M)* + the restricted dual of V(M)+, i.e. the 
space of all linear functions on V(M)+ which vanish on all but finite number 
of subspaces Mt n , with n G Z+. This is an (Algi?) + -module and hence an 
i?-module as well. The conformal dual M* to an i?-module M is defined as 

M* = {f\ : M -> C[A] | fx(dm) = A/ A (m)}, 

with the structure of C[<9]-module (df)x(m) = —Afx(m), with the following 
A-action of R: 

(axf)n(m) = -(-l) p{a)Mf)+1) U-x(axm), a G i?, m G M. 
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Given a homomorphism of conformal i?-modules T : M — > N, we define the 
transpose homomorphism T* : N* -> M* by 

[T*(/)] A (m) = —fx(T(m)) 

Proposition 2.4. LetT : M ^ N be an injective homomorphism of R-modules 
such that N/ImT is finitely generated torsion-free C[d]-module. Then T* is 
surjective. 

Proof. Since iV/Im T is finitely generated torsion-free, then it is free and there- 
fore a proyective C[9]-module. Hence, the short exact sequence — > Im T — > 
N -> N/lm T -> is split and AT = Im T © L as C [d] -module. Now, given 
a e M*, we define (3 £ N* as follows 

(3 x (T{m))=a x (m), m G M, /9 A (|) = 0, 

Then /? is well-defined since T is injective and f3 belong to N* since L is a 
complementary C[<9]-submodule, finishing the proof. □ 

Remark 2.5. Observe that the injectivity is not enough (cf. Remark 14. 12[) . 
Namely, let R = Vir = C[d]L the Virasoro conformal algebra with A-brackct 
[L\L] = (2A + d)L. Consider the following Fir-modules: 

Oo = C[9]to, with L\m = (A + 9)m; Vt\ — C[<9]n, with L\n = dn. 

Then it is easy to see that the map d : Qo Qi given by d(m) = dn is an 
injective homomorphism of i?-modules, but the dual map rf* : f2* — > Qq given 
by d*(m*) = dn* is not surjective. 

Proposition 2.6. Let T : M N be a homomorphism of R-modules such that 
N/Im T is finitely generated torsion-free <C[d]-module. Then the standard map 
ip : N* / Ker T* -)• (M/KerT)*, given by [ip(f)]x(m) = f x (T(m)) (where by 
the bar we denote the corresponding class in the quotient) is an isomorphism of 
R-modules. 

Proof. Using Proposition 12.41 the proof follows by standard arguments. □ 

Proposition 2.7. If M is an R-module finitely generated (over C[d]), then 
M** ~ M. 

Proof. Let M = © C[d]m,i (finite sum), with a\rrij = J^ fc Pjj~(X, d)mk- Then 
M* = © C[d]mZ, with (m*)x(m k ) = S tik and 

(a\m*)^(mj) = -{m*) tl -x(axm :j ) = - y^(m|) ^-xjPjkjK 9)m,k) = Pji(X,fi-X). 

k 

Therefore, 

(a x m*) = -^P ji (A, -d - A)m*, 

3 
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and the last formula shows that by taking the dual again we obtain 

3 

Hence the map m, \-t m** gives us the isomorphism between M and M**. □ 

Proposition 2.8. (a) The map M — > V(M)/V(M) + given by v i-> vt^ 1 mod 
V(M) + is an isomorphism o/(Algi?,) + - (and R-) modules. 
(b)The map V(M)* + -> M* defined by f ^ fx, where 

is on isomorphism o/(Algi?) + - (and R-) modules. 

Proof. A direct verification. □ 



Assuming that i? is finite, choose a finite set of generators of this C[d]- 
module: {a l \i G I}, and for each m G Z+, denote by (Algi?)t% the C-span of 
all elements a l P,i S J,J > m of (Algi?) + . This defines a descending filtration 
of (Algi?) + by subspaces of finite codimension: 

(Algi?)+ D (Algi?) + = (Algi?) (0) D (Algi?) (1) D (2.8) 

It is easy to see from (|2.2p that there exists s G Z + such that for all k, r G Z + 
one has: 

[(Algi?) (fe) , (Algi?) (r) ] G (Algi2) (fc+r _ s) . (2.9) 

In particular, (Algi2) r := (Algi?)( r+S ) is a filtration of (Algi?) + by subalgebras 
of finite codimension. 

Given an i?-module M, it is an (Algi?) + -module (by Proposition 12. 3p . and 
we let for j G Z + : 

M (j - ) ={«GM|(AlgiJ) (j - ) t; = 0}. (2.10) 

The subspaces Mq) form an ascending filtration of M by (Algi?)o-invariant 
subspaces. The following proposition is a special case of Lemma 14.4 from [2]. 

Proposition 2.9. /e£ R be a finite Lie conformal superalgebra and let M be a 
finite R-module such that 

M R = {m G M\R\m = 0}(= M (0) ) 

is finite dimensional (over C). Then all subspaces Mu\ are finite-dimensional. 
In particular M is locally finite as an (Algi?)o- module, meaning that any m G M 
is contained in a finite- dimensional (Algi?)o- invariant subspace. 

This Proposition together with the results of the following section will pro- 
vide a characterization of all finite irreducible modules over a finite Lie confor- 
mal superalgebra in terms of certain (quotients of) induced modules over the 
extended annihilation algebra. 
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3 General remarks on representations of linearly 
compact Lie superalgebras 

We follow the approach developed for representations of infinite-dimensional 
simple linearly compact Lie algebras by A. Rudakov in jlOj . In this section we 
will follow [5]. 

We shall consider continuous representations in spaces with discrete topol- 
ogy. The continuity of a representation of a linearly compact Lie superalge- 
bra L in a vector space V with discrete topology means that the stabilizer 
Lv = {g S L\gv = 0} of any v £ V is an open (hence of finite codimension) 
subalgebra of L. 

Let L be a simple linearly compact Lie superalgebra. In some cases (the 
examples studied in the following sections), L has a Z-gradation of the form 

L = ® m >-iL m , (3.1) 

this gives a triangular decomposition 

i = L_©L ©L+, with L±=© ±m>0 L m . (3.2) 

Let L> = L >0 (B L . Denote by P(L, L> ) the category of all continuous 
L-modules V, where V is a vector space with discrete topology, that are L> - 
locally finite, that is any v £ V is contained in a finite-dimensional L>o-invariant 
subspace. When talking about representations of L, we shall always mean mod- 
ules from P(L, L>o). Modules in this category are called finite continuous L- 
modules. 

In general, in most (but not all cases) of simple L, by taking L> certain 
maximal open subalgebra, one can choose L_ to be a subalgebra. Taking an 
ordered basis of L_, we denote by t/(L_) the span of all PBW monomials in 
this basis. We have U(L) = C/(L_)®[/(L>o), as vector spaces (here and further 
U(L) stands for the universal enveloping algebra of the Lie superalgebra L). It 
follows that any irreducible L-module V in the category P(L, L>o) is finitely 
generated over U(L-): 

V = U{LJ)E 

for some finite-dimensional subspace E. This property is very important in the 
theory of conformal modules [3]. 

Given an L>o-module F, we may consider the associated induced L-module 

M(F) = lnd^ o F = U(L) ® u(L> _ a) F, 

called the generalized Verma module associated to F. Sometimes, we shall omit 
L and L>o, and simply denote it as Ind_F. 

Let V be an L-module. The elements of the subspace 

Sing(y) := {v e V|L> « = 0} 

are called singular vectors. For us the most important case is when V = M{F). 
The L>o-module F is canonically an L>o-submodule of M(F), and Sing(L) is a 
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subspace of Smg(M(F)), called the subspace of trivial singular vectors. Observe 
that M (F) = F®F + , where F + = U + (L-)®F and U+(L-) is the augmentation 
ideal in the symmetric algebra U(L-). Then 



are called the non-trivial singular vectors. 

Theorem 3.1. J8f\l(tf (a) If F is a finite- dimensional L>Q-module, thenM(F) 
is in P(L, L>o). 

(b) In any irreducible finite- dimensional L>Q-module F the subalgebra L + 
acts trivially. 

(c) If F is an irreducible finite- dimensional L> -module, then M(F) has a 
unique maximal submodule. 

(d) Denote by 1(F) the quotient by the unique maximal submodule of M(F). 
Then the map F \— > 1(F) defines a bijective correspondence between irreducible 
finite- dimensional L^-modules and irreducible L-modules in P(L, L>q), the in- 
verse map being V ^Sing(V). 

(e) An L-module M(F) is irreducible if and only if the L^-module F is 
irreducible and M(F) has no non-trivial singular vectors. 

Remark 3.2. The correspondence defined in Theorem 13. lf d) provides the clas- 
sification of irreducible modules of the category P(L, L>o). Also, we would like 
to remark that in general Sing + (M(F)) generates a proper submodule in the 
L-module M (F), but the factor by this submodule is not necessarily irreducible, 
there could appear new non-trivial singular vectors. However this happens very 
rarely (see [9] for an example and cf. Remark 1 4. 8 1) and in most cases it can be 
proven that the factor module will be irreducible. 

4 Lie conformal superalgebra W n and its finite 
irreducible modules 

4.1 Definition of W n and the induced modules 

According to [5], any finite simple Lie conformal algebra is isomorphic either 
to Curg, where g is a simple finite-dimensional Lie algebra, or to the Virasoro 
conformal algebra. 

However, the list of finite simple Lie conformal superalgebras is much richer, 
mainly due to existence of several series of super extensions of the Virasoro 
conformal algebra, see [B]. 

The first series is associated to the Lie superalgebra W(l,n) (n > 1). More 
precisely, let A(n) be the Grassmann superalgebra in the n odd indeterminatcs 
6, 6, Set A (!>™) = C^i" 1 ] ® A(ri), then 



Sing + (M(F)) : 



Sing(M(F)) n F. 



)l 



W(l,n) = {ad t + '^2a i d i \a,a i e A(l,n)}, 



(4.1) 
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where di = 2$|: and d t — are odd and even derivations respectively. Then 
W(l,n) is a formal distribution Lie superalgebra with spanning family of (pair- 
wise local) formal distributions: 

T = {S(t - z)a I a e W(n)} U {8{t - z)fd t \ f G A(n)}. 

where W(n) = {XhLi &i9i|<z, £ A(n)} is the (finite-dimensional) Lie superalge- 
bra of all derivations of A(n). The associated Lie conformal superalgebra W n is 
defined as 

W„ = C[d] <8 (W(n) © A(n)) . (4.2) 
The A-bracket is defined as follows (a, b € W(n); f,g& A(n)): 

[a A 6] = [o,6], M = a(/)-(-l)* W, A/a, [/ Aff ] = -(9 + 2A)/ 5 (4.3) 

The Lie conformal algebra W n is simple for n > and has rank (n + 1)2™. 
The annihilation subalgebra is 

n 

A(W n ) = W(l,n)+ = {adt + ^aA^ai e A(l,n)+}, (4.4) 

i=l 

where A(l,n)+ = C[t] <£> A(n). The extended annihilation subalgebra is 

A(W n ) e = W(l,n)+ = Cd t K W(l,n)+, 

and therefore it is isomorphic to the direct sum of W(l, n)+ and a commutative 
1-dimensional Lie algebra. 

The Z-gradation in (|3.1j) is obtained by letting 

deg t = deg & = 1 = - deg d t = - deg 

If L = W(l,n) + , then L_i =< dt,d\, . . . ,d n >, where 9 t is an even element 
and di, . . . ,d n are odd elements of a basis in Note also that Lq ~ gri(l|n). 
From now on, we shall use the notation do = dt. Explicitly, we have 

L Q =< {td^^dj : 0<z,j<n}>. 

In order to write explicitly weights for vectors in W(l, n) + -modules, we would 
consider the basis 

td ; td + £id!,..., td + £ n d n 

for the Cartan subalgebra H in W(l, n)+, and we write the weight of an eigen- 
vector for the Cartan subalgebra H as a tuple 

/I = (//; Ai, . . . , A„) 

for the corresponding eigenvalues of the basis. 
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4.2 Modules of Laurent differential forms 

14.21 1 Restricted dual. Our algebra L = W(l,n) + , and in the last section 
S(l,n)_|_, are Z-graded (super)algebras and the modules we intend to study 
are graded modules, i.e. an L-module V is a direct sum V = (B m ezV m of finite- 
dimensional subspaces V m , and L& • V m C Vk+ m - For a graded module V we 
define the restricted dual module as 

V* = ® m ez{V m )*. 

hence V# is a subspace of V* and it is invariant with respect to the contragra- 
dient action, so it defines an L-module structure. Observe that (V#)# = V. 

In our situation, we have L_i = (do, d\, . . . , d n ), then any L-module become 
a C[do, di, . . . , <9„]-module. Hence, a module F is a free C[9q, di, ... , 9 n ] -module 
if and only if V# is a cofree module, i.e. it is isomorphic to a direct sum of copies 
of the standard module C[z, pi, . . . , p n ], with do ■ / = Jj/j and di ■ f = ■ 

An induced module Indf^ -F is by definition a free C[do,di, . . . , <9„]-module, 
so the co-induced (or produced) module 

CndF # = (IndL) # 

will be cofree. 

14.21 2 Differential forms modules. In order to define the differential forms one 
considers an odd variable dt and even variables d£i, . . . , d£ n and defines the 
differential forms to be the (super) commutative algebra freely generated by 
these variables over A(l,n) + = C[t] ® A(n), or 

n + = A(l,n) + [de 1 ,...,de„](8A[dt]. 

Generally speaking 57+ is just a polynomial (super) algebra over a big set of 
variables 

■ • ■ ,£,n,dt,dtii, . . . ,d£n, 

where the parity is 

p(t) = o, P (ii) = i, p(dt) = i, p(deo = o. 

These are called (polynomial) differential forms, and we define the Laurent dif- 
ferential forms to be the same algebra over A(l, n) = C[t, i -1 ] ® A(n): 

n = A(l , n) [d£,i , . . . , di n ] ® A[dt] . 

We would like to consider a fixed complementary subspace J7_ to f2+ in $7 chosen 
as follows 

Q- = tr 1 ^- 1 } ® A(n) <8 C[df i, • • - , d&J ® A[di]. 
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For the differential forms we need the usual differential degree that measure 
only the involvement of the differential variables dt, d£i, . . . , d^ n , that is 

deg t = 0, deg & = 0, deg dt — 1, deg d£j = 1. 

As a result, the degree of a function is zero an it gives us the standard ag- 
gradation both on SI and Q±. As usual, we denote by Ci k , Q± the corresponding 
graded components. 

We denote by Q k the special subspace of differential forms with constant 
coefficients in Ofe. 

The operator d is defined on fi as usual by the rules d ■ t — dt,d ■ & = 
d&,d ■ d£i — 0, and the identity 

d(fg) = (df)g + (-l) pif) fdg, 

Observe that d maps both f2 + and f2_ into themselves. 

As usual, we extend the natural action of W(l,n)+ on A(l, n) to the hole f2 
by imposing the property 

D-d= {-l) p{D) d-D, DeW(l,n) + , 

that is, D (super)commutes with d. It is clear that Sl + and all the subspaces 
Sl k are invariant. Hence f2+ and fl k are W(l, n) + -modules, which are called the 
natural representations of W(l,n)+ in differential forms. 

We define the action of W(l, n)+ on Q_ via the isomorphism of with the 
factor of SI by 0+. Practically this means that in order to compute D ■ /, where 
/ 6 we apply D to / and "disregard terms with non- negative powers of t" . 

The operator d restricted to f2± defines an odd morphism between the corre- 
sponding representations. Clearly the image and the kernel of such a morphism 
are submodules in f2± . 

Let 9* = {Sl k )# an d ©+ = (^+) # - In the rest of this subsection, we consider 
L = W(l,n)+. 

Proposition 4.1. (1) The L^-module Q k ,k > is irreducible with highest 
weight 

(0;0, . . . ,0, -k), k>0. 

(2) The L-module 9^, k > contains Q k and this inclusion induces the 
isomorphism 

Q k + = Ind e*. 

(3) The dual maps are morphisms of L-modules. The 
kernel of one of them is equal to the image of the next one and it is a non- 
trivial proper submodule in 0+. 
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Proof. (1) It is well known that 17^ are irreducible and thus 0:L are also irre- 
ducible. Observe that the lowest vector in VL k is (d£„) fe and it has the weight 
(0; 0, . . . , 0, k). Now the sign changes as we go to the dual module and so we get 
the highest weight of 0£. 

(2) By the definition of the restricted dual, it is the sum of the dual of all 
the graded components of the initial module. In our case VL k is the component 
of the minimal degree in 17+, so & k becomes the component of the maximal 
degree in 9+ . This implies that L >0 acts trivially on 9*, so the morphism 
Ind O k — >■ 0+ is defined. Clearly 17+ is isomorphic to 

n*®c[t,£i,...,£ n ], 

so it is a cofree module. Then the module 9 + is a free C[do, d\,.. ., <9„]-module 
and the morphism 

Ind 9^ -> 9* 

is therefore an isomorphism. 

(3) This statement follows immediately from the fact that d commutes with 
the action of vector fields. □ 

Corollary 4.2. The L-modules 17 + of differential forms are isomorphic to the 
co-induced modules 

n k + = end n*. 

Let us now study the L- modules 17_. First, notice that these modules are 
free as C[do, d\, . . . , <9„]-modules. Let 

£.=&■••&», and fij=t _1 f t n c *cn*. (4.5) 
Proposition 4.3. For L = W(l,n) + , we have: 

(1) (l k is an irreducible L -submodule in 17*: with highest weight 

(-1;0,0,...,0), fork = 0, 
(0;fc,l,...,l), fork>0, 

and L>o acts trivially on Cl k . 

(2) There is an isomorphism Vt k _ = Ind^ >Q 17^. 

(3) The differential d gives us L-module morphisms on VL k _ and the kernel 
and image of d are L-submodules in 17_. 

(4) The kernel of d and image of d in 17_ for k > 2 coincide, in S7?_ we have 
Ker d = C(t~ 1 dt)+Im d, and in 17° , we have Ker d — (and the image does 
not exist). 
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Proof. (1) First of all, to^ is the maximum total degree component in tot, so 
any element from L>o moves it to zero. Also, as Lo _m odule to^ is isomorphic 
to multiplied by the 1-dimensional module (t^ 1 ^). This permits us to see 
that its highest vectors are 

(t- 1 ^) forfc^O, 
(t~%dt) for k = 1, 

(t-^.dtCdfi)* -1 ) for fc > 1. 

The values of the highest weights are easy to compute. 

(2) It is straightforward to see that to°_ is a free rank 1 C[do,d\, . . . ,d n ]- 
module. Now, the action of do, d\, . . . , d n on tot is coefficient wise and the fact 
that tot is a free C[8q, d\, . . . , 9 n ]-module follows. This gives us the isomorphism 
tot =Ind£ >o fi£. Parts (3) and (4) are left to the reader. □ 

The above statement shows us that there are non-trivial submodules in to± 
and Qt. In fact, these are "almost all" proper submodules and the respective 
factors are irreducible. These results are discussed in Section 14.41 In order to 
get this result we need to study singular vectors. 

4.3 Singular vectors of W^-modules 

Having in mind the results of Section [3l we introduce the following modules. 
Given a gZ(l|n)-module V, we have the associated tensor field W(l, n)-module 
C[t,t _1 ] ® A(n) (g> V, which is a formal distribution module spanned by a col- 
lection of fields E = {S(t — z)fv\f £ A(n),v <E V}. The associated conformal 
W n - module is 

Tens(V) = C[d] <8> (A(n) ® V)) (4.6) 
with the following A-action: 

a x (g ®v) = a{g) ® v + (-1)1*0 v;; ? ■[<),{,),, ® (E^ - <%)(«) - (4.7) 

-A(-l)f(») Y,%ifj9®E 0j {v), 

h(g ® «) = (-#)(/<? ® «) + (-l) p ^ Er=i(^/)5 ® + (4.8) 

+A(/.g®S oW). 

where a = ^™ =1 € W(n),f, g G A(rt),u € V, and £7y € gZ(l|n) are matrix 
units (they correspond to the level elements £idj with the notation £,o = t and 
d = d t ). 

In this case, the modules M{F) — Ind^^i* 1 defined in Section[3j correspond 
to the Wn-module Tens(F), with F a finite-dimensional (irreducible) gl(l\n)- 
module. When we discuss the highest weight of vectors and singular vectors, 
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we always mean with respect to the upper Borel subalgebra in L — W(l,n) + 
generated by L >0 and the elements of L : 

tdi, Cidj i<j. (4.9) 

Therefore, in the module M(V), viewed as a module over the annihilation 
algebra W(l,n)+ (see Proposition ^. 3|) . a vector m G M(V) is a singular vector 
if and only if the following conditions are satisfied (g = ^ • • • £j s G A(n), and 

(si) t n g9i • m = for n > 1, 

(s2) t l gdi -171 = except for g = 1 and i = 0, 

(s3) t°<?<9; • m = for s > 1 or = £j with i < j. 

(4.10) 

We shall frequently use the notation 

£j = &x G A(n), with J = {ii,...,i,}. (4.11) 

Therefore, these conditions on a singular vector m GTens(y) translate in terms 
of the A-action to (cf. (|2.3[) ): 

(51) &(f x m) = for all / G A(n), 

(52) |(a A m) = for all a e W(n), 

(53) ^(/ A m)| A=0 = for all / € A(n) with / ^ 1, 

(54) (a A m)| A=0 = for all a = frdj G W{n) with |7| > 1 or a = ^dj with 

i < j, 

(55) (/ A m)| A=0 = for all / = G A(n) with |/| > 1. 

In order to classify the finite irreducible W„-modules we should solve these 
equations (Sl-5) to obtain the singular vectors. 
Let m G Tens(V) = C[d] ® A(n) ® 7, then 

TV 

m = ^^a fe (e/®w/, fe ), with v lfk G V. (4.12) 

In order to obtain the singular vectors, we need the some reduction lemmas: 

Lemma 4.4. If m G Tens(V) is a singular vector, then the degree of m in d is 
at most 1. 
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Proof. Using (14.71) , we have for a = EiLi fi®i tnat 



(a x m)' = Ef=i E/ *(A + 9) fe - x «(£/) ® (4.13) 
+( _ 1) p(a ) v;; ; ® - %)( U7)fe ) - a(-i)I j i E"=l /ifl ® £o>/, fc ) 

- Ef= Ei(a + d) fc (-i)i'i Ef=i ® £ty 

Taking a — dj, condition (S2) become 

o = Ef=i E m i k ( x + a)*- 1 ^! • • • 6 • • • & ® »/,*) (4.i4) 
-a ELi E/(-i) |/| MA + a) fc -!(6 ® ^ (»/,*)) 
- Ef= E/(A + d)*(-i) m (6 ® £;oiK fc )). 

Now, viewed as a polynomial in A, we obtain 

E 0j ( Vl , k )=0, VI,k = l,...,N, andj = l,...,n. (4.15) 
Using it in (14. 14|) and taking the coefficients in A + d, we get 
u/ )fe = for all I ^ 0, and > 2. 

Hence, m = EjLo Ej ^(6 ® «j,fe) + EfcU ® ity,*)- 
Using (|4.8|) and condition (SI) for / = 1, we have 

= (/ A m)" = 2 ® Boo^i.i)) (4.16) 

- Ef =2 (fc - i)fe(A + 9) fc - 2 a(i ® we,*) 

+ Ef= 2 ( 2fc (A + df- 1 + Afc(fc - 1)(A + d) k - 2 ^j (1 ® £^(«0, fc )) 

Then, viewed as a polynomial in A, we have l?oo(i>0 it) for all k > 2. Hence the 
last term in (|4.16|) is 0. Now, viewed as a polynomial in (A + d), we obtain 
v %.k = f° r a ll ^ > 2, finishing the proof. □ 

Observe that the coefficient in (A + d)° in (14.161) . gives us the following useful 
identity 

E 00 (vi,i) = for all I. (4.17) 
We will use the following notation: [l,n] = {1, . . . , n}. 
Lemma 4.5. If m is a singular vector, then 

n 

m = #(£[l,n] ® w ) + 2j($[l,n]-{J} ® Wj) + ® «0- 
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Proof. By the previous Lemma, we have 



m = 



<X> Vr ) 



Now (S5) gives us 



= {f\m)\ x=0 = 
£/ U-d){fSi ® »j,o) - (-l) m E2=i(ft/)fj ® £io(»;,o)j 



(4.18) 



for any / = £j with |J| > 1. Considering the coefficient of d 2 and taking 
/ = CiCfc, we obtain uj^ = for all I with |/| < n — 2. Using this and considering 
the coefficient of d with / = £i£fc£ s , we obtain vi.o = for all I with \I\ < n — 3. 
With this reduction, the coefficient of d with / = (z ^ j) is 

= -(£[l,n] 8fl[i, n ]-{ij},o) + (-l)" _1 (^[i,n] (8 Ao(«[l,n]-{j},l)), 
obtaining 

Eio(v[i t „]-{j},i) = (-l) 71-1 ^!^]-^^}^ for all i ^ j. (4.19) 
Computing (S3), we have 



+ ^ E|/|>„-1 f£l ® ^00(«/,l) + £|J|>n-2 ® ^OoKo)- 

Now, taking f = using (|4.17l) and considering the coefficient in 9, we have 

vi : i = for all |7| = n — 1, 
and using it in (|4.19l) . we have 

vi , = for all |7| = n - 2, 
finishing the proof. □ 

Let := and £ ; := «]-{(}■ Due to the previous lemma, any singular 
vector has the form 



- (fxm)\ 




n 




1 = 1 
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Then, it is easy to see that conditions (sl-3) are equivalent to the following list 
(si): 



(s2): 



(s3): 





= 0, 








(4.20) 


E Qi (w) 


-o, 


i = 1,..., 






(4.21) 


Eji(w) + E 0i {Vj) 


= o, 


i,3 z 


= !,•■ 


.,n, 


(4.22) 


E Q i(v Q ) 




i = 


1,... 


,n, 


(4.23) 


Eoi{vj) 


= 0, 


i,j = 1, 


...,n: 


■ ,i¥=3> 


(4.24) 


Eoj{v 3 ) = 


-w, 


3 = 


= !,-• 


.,n. 


(4.25) 


E i0 (w) = E o 




i = 


:1,... 


,n, 


(4.26) 


Eio(vj) = E j0 (vi), 




i,3 = 1, • 


..,n; 




(4.27) 


Etj{vi) = Eij(vi), 




= 1, 


...,n; 


i ^ I. 


(4.28) 


Eij{w) = 0, 




i,3 = 1, ■ 


..,n; 


i < j, 


(4.29) 


Eijivo) = 0, 




i,j = 1,- 


. . , n; 


i < j, 


(4.30) 


E ij {vi)=Q, 




i,j,l = 1, . . . . 


,n; i 




(4.31) 


Eij(vj) = v it 




i,j = 1, • 


..,n; 


i < j. 


(4.32) 



Now replacing P~2"I)l and P~2"51) on P~2"2"]l . we obtain 

Eij(w)=SijW, i,j = l,...,n. (4.33) 

Recall that we are considering the basis (do — dt) 

td ; tdo+^di,..., td + £_ n d n 

for the Cartan subalgebra H in W(l, n)+, and we write the weight of an eigen- 
vector for the Cartan subalgebra H as a tuple 

£ = (a»;Ai,...,A„) (4.34) 

for the corresponding eigenvalues of the basis. 

Using the above conditions, we can prove the following 

Proposition 4.6. Let n > 2 and m be a non-trivial singular vector in Tens V 
with weight p, m , then we have one of the following: 

(a) m = £™ ® v n , fl m = (0; 0, . . . , 0, — k) with k > 0, v n is a highest weight 
vector in V with weight (0; 0, ... , 0, — k — 1), and m is uniquely defined by v n . 

(b) m — ( ^ lV h P-m — (0; fc, 1, . . . , 1) with k > 2, v\ is a highest weight 
vector in V with weight (0; k — 1, 1, . . . , 1), and m is uniquely defined by V\. 
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(c) m — <9(£* 55 w) + XliLi ® v h Mm = ( — 1; 0, • • • , 0), w is a highest weight 
vector in V with weight (0; 1, . . . , 1), and m is uniquely defined by w. 

Proof. By computing Eqo ■ m — (td) ■ m and using (|4.20p and (|4.26p on it, we 
obtain the following conditions: 
If w = 0, then 

-Boo -m = and E ao (v ) = 0. (4.35) 

If w ^ 0, then 

i^oo • rn = —m (4.36) 

EoaM = -n, l = 0,...,n, (4.37) 

and using (|4.26[) . in this case (w ^ 0) we have 

Eio(w) = — Vi, i = l,...,n. (4.38) 

Similarly, observe that En ■ m — (£idi) ■ m. Now this action can be easily 

computed, and using (|4.33p on it, we have the following: 
ttw^O, then 

En • m = m, i = 1, . . . , n, (4.39) 

E ri (vi) = vi, l,i = l,...,n,l=£i, 

Eu(vi) = 2Vi, i = l,...,n. 

Eu(v ) = v , i = l,...,n. 

Using this and equations (I4.36[) . (|4.20l) and (I4.33p . we obtain for the case io/O, 
that the corresponding weights are 

Mm = (-1;0, ...,0) and p, w = (0; 1, . . . , 1). 

This result together with (|4.38[) give us the proof of case (c) in the proposition. 

For the rest of the proof, we assume w = 0, let us show that the only possible 
cases are (a) and (b). 

Observe that replacing (|4.32l) in (I4.28|) . we get 

E jj (v i )=v i Vi<j. (4.40) 

Now, equation (|4.32[) shows that if vi = for some I with 1 < I < n, then 
Vj = for all j < I. In order to finish the proof, we should show that only the 
two extreme cases are possible, that is vi ^ for all I or vi — except for I = n. 

Now, suppose that there exist I > 1 such that Vj = for all j < I and vi ^ 0, 
then using (|4.28l) we have that 

E u {v k ) = 0, i<l<k. (4.41) 
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Then by (gUP and (jOO)) , we obtain that 

£^ • m = a m with a = or 1, if i < Z or i > J, respectively. 

Therefore, using this and (|4.35p we get 

m =(O;O,...,O,M,-.-,l) 

where -E;/ ■ m = k m. But the space V, from which we are inducing is finite- 
dimensional and a singular vector generates a finite-dimensional Lo-submodulc, 
then (recall notation (|4.34p ) 

Ai > A 2 > • • • > A„ 

is a highest weight, and because of that only two extreme positions of k are 
possible (recall that n > 1). This gives us the cases (a) and (b). In order to 
finish the proof we need to complete the computation of weights in each case. 
If vi ^ 0, then using (|4.26p and (I4.40|) we obtain 

Mm = (0; k, 1, . . . , 1) and p, Vl = (0; fc — 1,1,..., 1), with k > 1. 

getting case (b). 

If vi = except for I = n, then using (|4.26l) and (|4.41l) we obtain 
p, m = (0;0,...,0, k) and p, Vn = (0; 0, . . . , 0, k - 1), with fc < 0. 
obtaining case (c). Case (d) is immediate. □ 

4.4 Irreducible induced W(l, n) + -modules 

In this subsection we consider L = 1^(1,71)+, with n > 2. Now, we have the 
following: 

Theorem 4.7. Let n > 2 and F be an irreducible L^-module with highest weight 
/i*. Then the L-modules Ind^ >g F are irreducible finite continuous modules ex- 
cept for the following cases: 

(a) p,* = (0; 0, . . . , 0, — m), m > 0, where Ind^ >o i 7 ' = 0" 1 and the image 

non-trivial proper submodule. 

(b) ^ = (0; k, 1, . . . , 1), k > 1, where Ind£ >( F = Clt- For k > 2 the image 

dQ_ is the only non-trivial proper submodule. For k = 1, both Im(<i) and 
Ker(<i) are proper submodules. Ker(d) is a maximal submodule. 

Remark 4.8. Let F be an irreducible Lo-module with highest weight /2* = 
(-1;0,...,0). Then Ind^-F = is an irreducible L-module. Note that 
the image of d : — > 17 L is the submodule in 17^_ generated by the singular 
vector correponding to the case (c) in Proposition 14.61 but it is not a maximal 
submodule (see Proposition 14.31 f4)). 
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Proof. We know from Theorem 13.11 that in order for Ind^ F to be reducible it 
has to have non-trivial singular vectors and the possible highest weights of F in 
this situation are listed in Proposition 14. 61 above. 

The fact that the induced modules are actually reducible in those cases 
is known because we have got nice realizations for these induced modules in 
Propositions 14.11 and 14.31 together with morphisms defined by d, d# , so kernels 
and images of these morphisms become submodules. 

The subtle thing is to prove that a submodule is really a maximal one. We 
notice that in each case the factor is isomorphic to a submodule in another 
induced module so it is enough to show that the submodule is irreducible. This 
can be proved as follows, a submodule in the induced module is irreducible if 
it is generated by any highest singular vector that it contains. We see from our 
list of non-trivial singular vectors that there is at most one such a vector for 
each case and the images and kernels in question are exactly generated by those 
vectors, hence they are irreducible. □ 

Corollary 4.9. The theorem gives us a description of finite continuous irre- 
ducible W(\,n) + -modules for n > 2. Such a module is either Ind^ >o _F for an 
irreducible finite- dimensional L^-module F where the highest weight of F does 
not belong to the types listed in (a), (b) of the theorem or the factor of an induced 
module from (a), (b) by its submodule Ker(d). 

4.5 Finite irreducible W^-modules 

In order to give an explicit construction and classification, we need the following 
notation. Recall that W(l, n) acts by derivations on the algebra of differential 
forms O = 0(1, n), and note that this is a conformal module by taking the 
family of formal distributions 

E = {S(z — t)u> and 5{z — t)u) dt \ u> £ 0(n)} 

Translating this and all other attributes of differential forms, like de Rham 
differential, etc. into the conformal algebra language, we arrive to the following 
definitions. 

Recall that given an algebra A, the associated current formal distribution 
algebra is j4[i,i _1 ] with the local family F = {a(z) = SnGz( a *™) z_ ™ _1 = 
aS(z — t)}a£A- The associated conformal algebra is Cm A = C[d] ® A with mul- 
tiplication defined by a\b = ab for a, b € A and extended using sesquilinearity. 
This is called the current conformal algebra, see [7] for details. 

The conformal algebra of differential forms f2„ is the current algebra over 
the commutative associative superalgebra f2(n) + 0(n) dt with the obvious mul- 
tiplication and parity, subject to the relation (dt) 2 = 0: 

0„ = Cur(Q(» + fl(n) dt). 

The de Rham differential d of O n (we use the tilde in order to distinguish it from 
the de Rham differential d on £!(n)) is a derivation of the conformal algebra fl n 
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such that: 

d(u)i + uj 2 dt) = duj! + duj 2 dt - (-l) p(wi) 9(widt). (4.42) 

here and further u)i € fi(n). 

The standard Z+-gradation = ©j e z + fi(n) J of the superalgebra of dif- 
ferential forms by their degree induces a Z + -gradation 

On = ®jeZ+^ n , where 0£ = C[d] ® (0(n) J + fi(n)^ 1 dt), 

so that d:iV n -> 

The contraction i d for D = a + f <E W n is a conformal derivation of VL n such 
that: 

(Z )a(wi + u 2 dt) = LaUJx + (L a uj 2 )dt, 

(Z / ) A w = -(a+A)(/«), (4.43) 
(L f ) x (ujdt) = (-iyW+PM(df)uj - d(fudt). 

The properties of f2(l, n) imply the corresponding properties of Q„ given by 
the following proposition. 

Proposition 4.10. (a) d 2 = 0. 

('ft ) The complex (O n , ei) = {0 — > —>■•••—>• —>■•••} is exact at all terms 
Q J n , except for j = 1. One /ias: Ker ef| nl = dfi° © Cdi. 

(cj in^Da + p{Di, D 2 )l D2 l Di = 0. 

Z D rf= (-i) p(d) 5Zd. 

(ej Z D = 5^ + (-l)^W. 

(jfj TTie map D ^ Lr> defines a W n -module structures on Cl n , preserving the 
7L+- gradation and commuting with d. 

Proof. Only the proof of (b) requires a comment. Following Proposition 3.2.2 
of [TJ, we construct C[<9]-linear maps K : O n — > f2„ (a homotopy operator) and 
e : i7„ — > fl n by the formulas (w € f2(n) + O(n)dt): 

K(d£ n u) — £ n u), K(oj) = if u) does not involve 
e(d£ n u)) — e(£ n u)) — 0, e(w) = w if cj does not involve both d£ n and £„. 

One checks directly that 

Kd + dK = l-e. 

Therefore, if u> € fi„ is a closed form, we get u> = d(Kcu) + e(w). It follows by 
induction on n that cj = dui\ +P(d)dt for some wi 6 H„ and a polynomial P(d). 
But it is clear from (I4.42[) that P(d)dt is always closed, and it is exact iff P(d) 
is divisible by d. □ 
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Since the extended annihilation algebra W(l, n) + is a direct sum of W(l, n) + 
and a 1-dimensional Lie algebra Ca, any irreducible W(l, n) + -module is ob- 
tained from a W(l, n)+-module M by extending to W(l, n) + , letting a h-> —a, 
where a S C. Translating into the conformal language (see Proposition I2.3[) . 
we see that all W^-modules are obtained from conformal W(l, n)+-modules by 
taking for the action of d the action of — dt + al, a G C. We denote by Tens a V 
and Vtk tai a G C, the W^-modules obtained from TensT^ and f2fc by replacing in 
(|3~7|l and P~gj) respectively 5 by d + a. 

Now, Theorem 14.71 and Corollary 14.91 along with Section [3] and Proposi- 
tions 12.31 12.81 12.61 and 12.91 give us a complete description of finite irreducible 
W„-modules. 

Theorem 4.11. The following is a complete list of non-trivial finite irreducible 
W n -modules (n > 2, a £ C): 

(a) TenSo.1^, where V is a finite- dimensional irreducible gl(l\n) -module differ- 
ent from A fc (C 1 !")* , fc=l,2,... and fi* (see £Pfy), k=l,2,..., 

(b) fit a /Ker d*, k = 1, 2, . . . , and £/ie same modules with reversed parity, 

(c) W n -modules dual to (b), with k > 1. 

Remark 4.12. (a) Using Proposition 14.31 we have that the kernel of d and the 
image of d coincide in flk for k > 2. Now, since 1^+2 is a free C[<9]-module 
of finite rank and f2fc+i/Imd = f2fc+i/Kerd ~ Imd C f2/. + 2, we obtain that 
Qfe+i/Im d is a finitely generated free C[9]-module. Therefore, we can apply 
Proposition 12.61 and we have that 

n: +1>a /Ker d* ~ (n k , a /Kex 3)* (4.44) 

for k > 1. 

(b) Observe that we can not apply the previous argument for fc = since, by 
Proposition ^. 31 the image of d has codimension one (over C) in Ker d. In fact, 
(|4.44l) is not true for k = 0. For example, this can be easily seen for Wq = Vir 
using the differential map which is explicitly written in Remark 12.51 

(c) Observe that f2o,a is an irreducible tensor module (Ker d — 0, cf. Propo- 
sition 14.31) , that is why this module is included in case (a) of Theorem 14.111 

(d) Since for a finite rank module M over a Lie conformal superalgebra we 
have M** — M (see Proposition 12 ,7|) . the W^-modules in case (c) of Theo- 
rem @TTT] are isomorphic to £lk,a/ker d, k — 2, 3, .... 

(e) Observe that (TensV)* is not isomorphic to TensV*. For example, con- 
sider the case of W\. We have, using the notation below, that M(a,b) =Tens 
V a ,b- It is easy to see that for the case a + b ^ 0, (TensV ai b)* =Tens V- a ,-b> 

but (V a , b )* = Vl- a ,-b-l- 
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Now we will present the case n = 1 in detail and we shall see that our 
result agrees with the classification given in [4] for K 2 — W\. Let us fix some 
notations. We have 

Wx = qa]®(A(i)ew(i)) = c[5]{i,e,9i,^i}- 

In [4], the conformal Lie superalgebra K 2 is presented as the freely generated 
module over C[d] by {L, J, G*}. An isomorphism between K 2 and W\ is ex- 
plicitly given by 

Li->-l + -d£di, J^C^i, G+^2£, G^^-ft. (4.45) 

The irreducible modules of W\ are parameterized by finite-dimensional ir- 
reducible representations of gl(l, 1) (and the additional twist by alpha that, 
for simplicity, shall be omitted in the formulas below). The irreducible rep- 
resentations of gl(l,l), denoted by V a ,b, are parameterized by a and b, the 
corresponding eigenvalues of en and e 2 2 on the highest weight vector. 

If both parameters are equal to zero, the representation is trivial 1-dimensional. 
Otherwise, either a + b = 0, the dimension of the gl(l, 1 ^representation is 1, 
and the corresponding representation of W\ is one of the tensor modules of rank 
2. Or else a + b is non-zero, the dimension of the gl(l, l)-representation is 2, 
and the corresponding tensor module has rank 4. 

Explicitly, consider the set of C[<9]-generators of W\ {1, £, d\, Let a 

and b such that a + b ^= 0. Let V a f, = C-span{«o, where vq is a highest 
weight vector. Let M(a,b) = M(V a ,b) = C[d]{vo, «i, w% = div , w — d\Vi} 
be the tensor W\ -module and denote by L(a, b) the irreducible quotient. The 
action of W\ in M(a, b) is given explicitly by the following formulas: 

l\v = (aX - d)v , l\vi = ((a - 1)A - d)vi, 
l\wi = (aX - d)wi, l\w a = ((a - 1)A - d)w , 



£\Vo = vx, Ca^i = 0, 

^wi = (aX - d)v a - w , £\w = ((a - 1)A - d)v u 

d lx v = w 1 , di X Vi = (a + b)\v + w , 

d lx w 1 =0, d lx w = -(a + b)Xwx 

£,d lx v = bv , £di x vi = (b+l)vi, 

£d lx w! = (b - i)wi, £di x w = -(a + b)Xv + bw . (4.46) 

If a + b ^ and a ^ 0, then M(a, b) is irreducible of rank 4, and the 
explicit action is given by (4.45). The proof of this statement is in the following 
way (the proof of the other statements below are much simpler): Take v = 
p{d)v + q(d)w + r(d)vi + s(d)wi in a submodule of M(a,b). Denote by w 
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the coefficient of the highest power in A of £ x v and by y the coefficient of the 
highest power in A of £, x w. 

If a ^ 1 then y = Vi (up to a constant factor), therefore v\ lies in the 
submodule. If a = 1, then by taking the coefficient of the highest power in A 
of £,d\ x y and using that in this case b =/= —1, we also obtain that v\ lies in the 
submodule. 

Therefore, in any case we have that v\ lies in any submodule, and by the 
formulas for the actions on v\ it is immediate that the other generators also 
belong to any submodule, proving that M(a, b) is irreducible in this case. 

If a + b ^ but a = 0, it is easy to show as above that N — C[d]wi (B 
C[d](dv n + wq) is a submodule of M(0, b). The irreducible quotient of M(0, b) 
by N is L(0, b) — C[9]«o © C[<9]«i, of rank 2, and the action here is explicitly, 
as follows: 

U^o = (-d)v , l\vi = (-A - d)vi, 
Ca^o = vi, £\vx = 0, 

di x v a = 0, d lx vi = (bX - d)v , 
£d lx v =bv Q , £d lx v 1 = (b + l)vi. (4.47) 

If a + b = 0, but a 0, it is easy to show as above that M(a, —a) = 
C[<9]{i>o, Wi} is irreducible of rank 2 and the action of W± here is given by: 



l x v = (aX - d)v , l\w 1 = (aX - d)u>i, 
£,\vo = 0, £\wi = (aX - d)vo, 
di x v = wi, d\ x wi = 0, 

£di x vo = -a w , £,di\Wi = (-a - l)toi. (4.48) 

Thus we obtain 

Corollary 4.13. The Wi-module L(a, b) as a C[d]-module has rank: 4 if a + b =/= 
and a^0, 2 if a + b 7^ and a = 0. 2 if a + b — and a ^ 0, if a = b = 0. 
These are all non-trivial finite irreducible W\-modules. 

Remark 4.14. In 0], the irreducible representations of K-i are classified in terms 
of parameters A and A. Using the isomorphism between K-i and Wi in (4.44), 
these parameters are related to ours as follows, 

A A , A 

a = -A , b = A. 

2 

Then it can be easily checked that the above corollary corresponds to Theorem 
4.1 in [4], and explicit formulas for the A- action given at the end of section 4 
in 0], corresponds to ours in each case. 
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5 Lie conformal superalgebra S n and its finite 
irreducible modules 

Recall that the divergence of a differential operator D = X)"=o <Xi ^ i ^ ( 1 , tt,) , 
with a t £ A(l,n) and do = dt is defined by the formula 

n 

div D = d Q a + ^(-lf^cW 

i=i 

The basic property of the divergence is {D\, D 2 £ W(l, n)) 

div [D U D 2 ] = D^div D a ) - (~l) p{Dl)p( - D2 '> D 2 (div £>i). 
It follows that 

5(1, n) = {D e W(l,n) : div D = 0} 
is a subalgebra of the Lie superalgebra W(l,n). Similarly, 

5(1, n)+ = {D£ W(l, n)+ : div D = 0} 

is a subalgebra of W(l,n)+. We have 

5(1, n) (resp. 5(1, n)+ ) =5(l,n)' (resp. 5(l,n)' + ) ® ■ ■ ■ £ n d , (5.1) 

where 5(1, n)' (resp. S(l,n)'+ ) denotes the derived subalgebra. It is easy to 
see that 5(1, n)' is a formal distribution Lie superalgebra, see [5], Example 3.5. 

In order to describe the associated Lie conformal superalgebra, we need to 
translate the notion of divergence to the "conformal" language as follows. It is 
a C[<9]-module map div : W n — >Cur A(n), given by 

div a = ^(-lyK/Ofl^, div f = -0 ® /, 

i=l 

where a — Y17=ifi®i e W(n) and / £ A(n). The following identity holds in 
C[d] ® A(n), where L> 2 e W„: 

dtv [-D1A-D2] = (DJxidiv D 2 ) - (-l) p{DlMD2) (D 2 )- X - e (div Dt). (5.2) 

Therefore, 

S n = {D £ W n : div D = 0} 

is a subalgebra of the Lie conformal superalgebra W n . It is known that 5 n is 
simple for n > 2, and finite of rank n2 n . Furthermore, it is the Lie conformal 
superalgebra associated to the formal distribution Lie superalgebra 5(1, n)'. 
The annihilation algebra and the extended annihilation algebra is given by 

A{S n ) = 5(1, n)' + and A(S n ) e = C ad(d ) x 5(1, n)' + . 

Now, we have to study representations of 5(1, n) + and of its derived al- 
gebra S(l,n)' + which has codimension 1. Observe that 5(1, n)+ inherits the 
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Z-gradation in W(l,n) + , and denoting by L — S(l,n) + (for the rest of this 
section), we have that L_i =< do,...,d n > as in W(l,n) + but the other 
graded components are strictly smaller than these of W(l,n)+. Observe that 
L = sl(l\n). 

In order to consider weights of vectors in 5(1, n)+-modules, we take the basis 
td + £idi, ...,td + ind n - 

for the Cartan subalgebra. And the weights are written as A = (Ai, . . . , A„) for 
the corresponding eigenvalues. 

Propositions 14. 1 1 and 14.31 and Corollary 14. 21 holds for L = S(l,n) + with the 
following minor modification: all highest weights are the same as in the W case, 
except for the first coordinate that should be removed. 

Similarly, if V is an sZ(l|n)-module, then formulas (|4.7I) and (|4.8I) define an 
5„-module structure in Tens(V). Indeed, elements {—l) p ^d{fdi) + dif, with 
/ S A(n) generate S n as a C[<9]-module, and it is easy to see that for the action 
of these elements defined by (|4.7p and (14.81) . one needs only Eij(v) for i ^ j and 
(E 00 +E u )(v) fori>0. 

As in the W-c&se, the classification is reduced to the study of singular vectors 
in Tens(y), where V is an s?(l|n)-module. Observe that the reduction Lemma 
14.41 hold in this case, and the proof is basically the same. Therefore, analogous 
computations give as the following 

Proposition 5.1. Let n > 2 and V an irreducible finite- dimensional sl(l\n)- 
module. If m is a non-trivial singular vector in the 5(1, n)+- module Tens V 
with weight X m , then we have one of the following: 

(a) m = £™ eg) v n , A m = (0, . . . , 0, —k) with k > 0, v n is a highest weight 
vector in V with weight (0, . . . , 0, — k — 1), and m is uniquely defined by v n . 

(b) m — Ya=i s ® vi, A m — (k, 1, . . . , 1) with k > 2, v\ is a highest weight 
vector in V with weight (k — 1,1, ... , 1), and m is uniquely defined by v\. 

(c) m = 9(£* ® w) + X)/Li ® Vl ' ^ m = (0> • • • > 0)) w * s a highest weight 
vector in V with weight (1, . . . , 1), and m is uniquely defined by w. 

(d) m = d(i n ®w) + £,[i,n]-{iM ® u i +t n ®Vn, A TO = (0, ...,0,-1), w 
is a highest weight vector in V with weight (1, . . . , 1), and m is uniquely defined 
by w. 

Using the above proposition, we have 

Theorem 5.2. Let L = 5(1, n) + (n > 2) and F be an irreducible La-module 
with highest weight A*. Then the L-modules Ind^ >o -F are irreducible finite con- 
tinuous modules except for the following cases: 

(a) A* = (0, . . . , 0, — p),p > 0, where Ind£ >f) F = and the image d^O^ +1 
is the only non-trivial proper submodule. 
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(b) A* = (g, 1, . . . , 1), q > 1, where Ind^ >g F = fl q _. For q > 2 the image 

dQ, q _ 1 is the only non-trivial proper submodule. For q = 1, the proper submod- 
ules are lm(d), Ker(cZ) and Im(a), where a is the composition 

a -.e x + -^e° An 1 , 

and Ker(<i) is the maximal proper submodule. 

Proof. Similarly to the case of W(l,n) + , the modules Ind^ >Q F are irreducible 
except when they have a singular vector and the highest weights of such F, 
when it could happen, are listed in (a), (b), (c) and (d) of the above Proposi- 
tion EHJ The weight (1, . . . , 1) is special here because it is relevant to (b), (c) 
and (d). There are three types of singular vectors possible in this case. The cor- 
responding module Ind(F) = fi;L has three different submodules and all three 
vectors are present. The same argument as for W(l, n)+-modules allows us 
easily to conclude that the listed submodules are the only ones and the factors 
are irreducible. □ 

Corollary 5.3. The theorem gives us a description of finite continuous irre- 
ducible S(l,n)+ -modules when n > 2. Such a module is either Ind^ F for an 
irreducible finite- dimensional Lo-module F where the highest weight of T does 
not belong to the types listed in (a), (b) of the theorem or the factor of an induced 
module from (a), (b) by the submodule Ker(d). 

Corollary 5.4. The Lie superalgebras S(l,n)+ and S(l,n)' + have the same 
finite continuous irreducible modules, and they are described by the previous 
corollary. 

Proof. In order to see that Theorem 15.21 also holds for S(l,n)' + , it is basically 
enough to see that Proposition 15 . II holds in this case. But, if we check the proof 
in the classification of singular vectors, we see that the element £i • • • £„9o (cf. 
(j5.1jl ) appears only in the condition (s3) in (|4.10j) in the special case g = £i • ■ • £„ 
and j — 0. If we track the details of the proof, we see that this special constrain 
only produces equation (|4.27j) for n = 2, but in any case, this equation is not 
used in the rest of the proof. Therefore, the singular vectors are the same for 
both Lie superalgebras S(l,n)' + and S(l,n)+, finishing the proof. □ 

Now, as in the W n case, Theorem l5.2l and Corollarv l5.41 along with Section[3] 
and Propositions 12. 3[ 12.81 and 12.91 give us a complete description of finite 
irreducible S^-modulcs (n > 2): it is given by Theorem 14.111 in which W n is 
replaced by S n and gl(l\n) is replaced by sl(l\n). 

Remark 5.5. Under the standard isomorphism between S2 and small N=4 con- 
formal superalgebra it is easy to see that our result agrees with the classification 
given in [4]. Indeed, in [4] (Theorem 6.1) the classification of irreducible modules 
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was given in terms of parameters A and A, and these parameters are related to 
ours as follows, 

Ai = -A+|, (5.3) 
A 2 = -A-|. (5.4) 

Therefore, the case 2A — A = (A 6 Z+) corresponds to the family f2^ Q /Ker d* 

of rank 4A, and the case 2A + A + 2 = (A G Z+) corresponds to f^A+i.a/Ker d 
of rank 4A + 8. Therefore, we have one module of rank 4 that corresponds to 
fll/Ker d* , and by Remark 14.121 the dual of this module is J7o (Ker is trivial in 
this case) and (using Proposition ^. 3|) ilo is the tensor module Tens(V) where V 
is the trivial representation, therefore it is reducible with a maximal submodulc 
of codimcnsion 1 (over C). 



6 Lie conformal superalgebras S n ,b and S n , and 
their finite irreducible modules 

- Case S n ^-' 

For any b 6 C, b ^ 0, we take 

S(l,n,b) = {D g W(l,n)\div(e bx D) = 0}. 

This is a formal distribution subalgebra of W(l, n). The associated Lie confor- 
mal superalgebra is constructed explicitly as follows. Let D = J27=x 0®* + 
f(d,£) be an element of W n . We define the deformed divergence as 

div^D = divD + bf. 

It still satisfies equation 15. 2[ therefore 

S n , b = {De W n \div b D = 0} 

is a subalgebra of W n , which is simple for n > 2 and has rank n2 n . Since 
S n ,o = has been discussed in the previous section, we can (and will) assume 
that 6^0. 

If b ^ 0, the extended annihilation algebra is given by 

n 

(Alg(S n:b )) + = Cad{d - & x S(l,n)+ ^ C5(l,n)' + 

where C5(l,n)+ is obtained from S(l,n)' + by enlarging s/(l,n) to gl(l,n) in 
the Oth-component. 

Therefore, the construction of all finite irreducible modules over S n> b is the 
same as that for W n , but without twisting by a. Hence, using Theorem I4.11[ 
we have 
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Theorem 6.1. The following is a complete list of finite irreducible S ny b-modules 
(n > 2,6 e C,b ^ 0): 

(a) TcnsV, where V is a finite- dimensional irreducible gl(l\n) -module differ- 
ent from, A k (C 1 \ n )*,k = 1,2,... and A k (C^ n ), k = 0,1,2,..., 

(b) fi^/Ker d* , k = 1, 2, . . ., and the same modules with reversed parity, 

(c) S ny b-modules dual to (b), with k > 1. 



- Case S n : 

Let n G Z + be an even integer. We take 

5(1, n) = {De W(l, n)\div((l + & . . . £ n )D) - 0}. 

This is a formal distribution subalgebra of W(l, n). The associated Lie confor- 
mal superalgebra S n is constructed explicitly as follows: 

S n = {D e W n \div{{\ + 6 . . • e„)D) = 0} = (1 - a . . . e n )5 n . 

The Lie conformal superalgebra SVi is simple for n > 2 and has rank n2™. 
The extended annihilation algebra is given by 

(Alg(S n ))+ = Cad(d - & . . . x S(l,n)' + ~ S(l,n)+. 

Therefore, the construction of all finite irreducible modules over 5„ is the 
same as that for S n , but without the twist by a. 
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